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PARTITIONS, IRREDUCIBLE CHARACTERS, AND INEQUALITIES
FOR GENERALIZED MATRIX FUNCTIONS

THOMAS H. PATE

ABSTRACT. Given a partition o = {a;, @y, ... , &}, @y 2 ey 2+ 2 a,, of
n welet X, denote the derived irreducible character of S, , and we associate
with a a derived partition

' t
a={a,-l,a,=1,...,0,=1,0,,...,0,1}

where ¢ denotes the smallest positive integer such that o, > o, (o, =
0). We show that if Y is a decomposable C-valued n-linear function on
C™xC™x---xC™ (n-copies) then (X,Y,Y) > (X ,Y,Y). Translating into
the notation of matrix theory we obtain an inequality involving the generalized
matrix functions dy and dy , , namely that

(X (€)' dy (B) 2 (X (e) 'y, (B)

for each n x n positive semidefinite Hermitian matrix B. This result gener-
alizes a classical result of I. Schur and includes many other known inequalities
as special cases.

1. INTRODUCTION

If ¢ € CS,,, the group algebra obtained from C and the symmetric group on
{1,2,..., n}, then we define the generalized matrix function d, by

(1.1) d.(B)= ZC(U)Hbia(i)
i=1

g€S,

for each n x n matrix B = [b 1. If c(e) # 0 then by 3 we mean (¢ (e))_l
Of particular interest are the lmmanents, the generahzed matrix functions d
where X is an irreducible character of S, . Familiar examples are det(:), the
determinant function, obtained by settmg ¢ = ¢, the signum function, and
per(-),, the permanent function, obtained by setting c(g) = 1 foreach g€ S, .
There are many known inequalities that involve restricting the functions d_
to #,,the n x n positive semidefinite Hermitian matrices. Perhaps the oldest
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is the classical Fischer inequality, which states that if B € #, . 1s partitioned
in the form

[B“ B 12]

By, By
where B,, is nxn and B,, is p x p then

(1.2) det(B) < det(B,) det(B,,)

with equality if and only if B has a row of zeroes or B, is the zero matrix.
In 1908 Schur, see [3], proved that if X is a character of S, then

(1.3) det(B) < d ,(B)

for each B € #, . For a short proof see [4]. Hence, the determinant function is,
in the sense of (1.3), the smallest of the normalized immanents. This naturally
led to speculation as to which, if any, of the normalized immanents might be
largest, in the sense of (1.3).

In the sixties M. Marcus proved, see [5], a partial analogue to (1.2) involving
permanents, namely that if B = [b, 1€ #, then

(1.4) per(B) > b, per(B(1[1))

where B(s|t), 1 < s, t < n, denotes the (n — 1) x (n — 1) matrix obtained
from B by deleting the sth row and fth column.

Moreover, Marcus conjectured that if B € #, . is partitioned as in our
statement of the Fischer inequality then

(1.5) per(B) > per(B,,) per(B,,).

This result was later proved by Lieb, see [6], and subsequently generalized to
the symmetric algebra by Neuberger, see [1].
The similarity between (1.2) and (1.5) led naturally to the conjecture that

(1.6) dy(B) < per(B)

for each B € #,; so the permanent function is believed to be the “largest” of
the normalized immanents. Despite considerable effort (1.6) is still unresolved.
Efforts to prove (1.6) have nevertheless led to the discovery of some interesting
theorems, some of which provide information not implied by (1.6). James
and Liebeck, see [8], proved that if X is an irreducible character of S, and its
associated partition is of the form {p, g, 1"}, p+g+r = n, then (1.6) holds for
each B € #, . The author, see [9], proved that EC(B) < per(B) forall B € #,
and all ¢ € CS, for which there exists an f € CS, anda AcC {l,2,...,n}
such that

(1) c(o) =3, f(a1)f(1) each g €S,

(2) t©f = f foreach 7 €S, suchthat 7(A)=A.
It is easy to show, see [9], that all irreducible characters of S, derived from
two-term partitions are expressible as sums of such functions c¢. Hence, this
theorem includes the r = 0 part of the James-Liebeck result as a special case.
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Heyfron, a student of James, see [10], considered the single-hook characters,
characters derived from partitions of the form {g, 1"7?}, and proved that the
associated normalized immanents increase with g. In other words, if X, is

derived from {g, 1"7%} and X, is derived from {g+1, 1""?"'} then
(1.7) dy (B)<d, (B)

for each B € #, . This result was originally conjectured by Merris and Watkins,
see [11], who proved (1.7) in case ¢ =0, 1, or n— 1. It will be shown that
our main result generalizes Schur’s inequality by replacing (1.3) with a chain of
inequalities starting with EX(B) and terminating with det(B). Moreover, our
main result reduces Heyfron’s result to a special case and, in conjunction with
[9], implies and extends the James-Liebeck result.

2. NOTATION AND BACKGROUND

We let V denote C™ for a fixed positive integer m which will usually be
clear from context. For n > 1 we let T, (V), often abbreviated to T, , denote
the set of all n-linear complex valued functions on V. If n =0 then T,(V)
denotes C. Given an inner product ( , ) on V we extend ( , ) to each of
the spaces 7, by choosing an orthonormal basis {e',.},"';1 for V' and defining

m m m
(A, B) = ZZ---ZA(eql,eqz, one,)Ble, e, Le,)

ql=lq2=l q":l

for each 4, B € T,. Note that this extended ( , ) is independent of the
orthonormal basis {e;}" .
If Ae T, and B € Tp then the tensor product of 4 and B, denoted by

A® B, is the member of Tn+p such that if x,, x,, ... s Xpyp € V then
(A® B)(x,, x,, ... ,xnﬂ,)
=A(x, Xy, oo 5 X)B(X, 15 X0 - s Xpip)-

Note that |4 ® B|| = ||4]| - ||BIl .

We now define an action of S, on 7, which we extend to CS, in such a
way that 7, becomes a left CS, module. If 6 € S, and 4 € T, then by o4
we mean the member of 7, defined by

(A) (x|, x5, ... , X,) = A(xa(l) s Xg2)r e xa(n))

for x,, x,, ... , X, € V. Clearly, (67)4 = a(tA4) for o, 1€S,,and ed= A4
where e denotes the identity. Since each y € CS, is represented in the form
Zaes,, y(o)o we define yA4 to be ) w(o)oA. Note thatif 4, B € T,

then (64, B) = (A, a'lB) for 6 € S, and, consequently, if y € CS, then

(wA, B)= (A4, y"B) where y*(0)=y(c™') foreach s €5,.
A member of 4 of T, issaid to be decomposable if there exists f,, f,, ...,
f, € V7, the dual of V', such that 4 = f, ® f, ® ---® f,. In this case
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4l = T[T, I£,ll and if ¢ € S, then 64 = Jom1y ® @ fo-1(yy 80, i Xy,
Xy, ... , X, are members of I*/ such that f,(y) = (v, x;) each y € V' and
1<i<n,then d4 = ( Xy-101))" ® (X,-12)" ® -+ ® (X,-1(,)" where the conju-
gate linear map z — z* is defined by z*(y) = (y, z) for y, z € V. Note that
(x,y)=(y", z"). Consequently,

n

n
(x;ex;® - ®x,, Y@y ® oy =[] ) H Vi X))
for x;, y, eV, 1<i<n.
Inequalities involving immanents translate simply into inequalities involving
decomposable tensors. Moreover, the converse is also true. The connection

between these two types of inequalities is presented in the following:

Lemma 1. If y,, vy, € CS, then dwl(B) < d%(B) for each B € Z, if and only
if (w,Y,Y)<(w,Y,Y) for each decomposable Y € T, .
Proof. If B € #, then there exist y,, y,,...,y, € V(m > n) such that
by, =(y;»¥), 1<i,j<n.Letting Y denote y; ®y; ®---®y, we have, for
yeCs,,
n n
= ZW(G)Hbia(i)=ZW(0)H<ya(i)’y ZW Hy,ay —'(,>
i=1 o i=1

ZWG) "(1)® ®y;~‘(,,)’yr®"'®y;)

‘ZW oY, Y)=(yY,Y).

Hence, if (l//lY, Y) <(w,Y,Y) foreach decomposable Y € T, then dWl(B) <
dwz(B) for each B € T, . The proof of the converse is similar, and omitted. O

When dealing with the characters of the symmetric group our notation follows
Marcus, see [7, Chapter 6]. If a = {a,, a,, ..., a,} is a partition of n, we
always assume o, > a, > -+ > ,, and ¢ € S, then by D, ., We mean the
Young diagram whose first row contalns p(l), qo(2) yeee s qo(a,) whose second
row contains ¢(a, +1), ¢(a; +2),... ,¢(a; +a,) etc. By R, and Ca,(p
we mean, respectively, the row and column groups of Da, 0? and by r_ v and
c we mean the corresponding row and column symmetrizers. Explicitly,

@,

Iy, = 2.0 where summation is over R, ,and ¢, , = Y- ¢e(o)o where the

summation is over Ca 0> so it is perhaps more accurate to refer to c, 0 as a

column skew-symmetrizer. The Young symmetrizer &, i associated with o
and ¢,isthen r ¢ We denote the irreducible character associated with
a by X .

We require a formula for X in terms of the associated Young symmetrizers.
According to [12, Theorem 1, p. 108], we have

h -1 -
(2.1) X(0)=4 3 & (g 0 '8
' ges,

a,p o, 9"
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where n_ is the dimension of the representation which is simply X (e). For
feCS, welet f=(f(e))_'f f(e) #0, so, since n, = X (e), we have

(2.2) = (n!)” Zé’ (g7'a7'g)

but X and /Y'a are real-valued class functions so X’a(a_l) = X’a(a) and
(2.3) X (0)=()"'> & (g o)
g

which implies that
(2.9) = (n)" Za Ta,0Ca,0®

for each ¢ € S, . The multiplication g7, , in (2.4) involves a slight abuse of
language since o € S, and r, 0 € Cs,. In such cases we identify o with the
member of CS, that assumes the value 1 at ¢ and O elsewhere.

As is clear from (2.1) the character X is independent of ¢ and, conse-
quently, ¢ may be chosen according to convenience. Since ¢ will always be
clear from context we delete ¢ from the notation and abbreviate as follows:
R, =R c,=C c & = é’ ,and D, =D, ,

a,p’ a,p’ azra,ql’ [ a¢’ a

Lemma 2. If v, & € CS, and &= k& for some k # 0 then
(2.5) Zav/ga_l = Zagwa—l =k Za%w%a_l
g g g

Proof. If f€CS, and t €S, then, by setting u = 10", one sees that

Softe™ =Y wltfu=3 atfo”,

(72

an equality that immediately implies that if f, g € CS, then

Eafga_1 = Z:agfa_1

g

Consequently, we have
Zawé"a_l =k Zav/é"za—l =k }:a%’y/ga—]
a a [

as required. O

Combining Lemma 2 with formula (2.4) we see that

(2.6) X, = (n|R,|)” Zar cro!

and

(2.7) )?a = (rz!|Ca|)_1 Z:acolracaa_1
ag

foreach p € S, .
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If G is a finite group, and X is a character of H then X ! , the character
of G induced from X, is defined by

(2.8) X'(w)=1H""Y X0 uo)

where summation is over all ¢ € G such that ¢~ 'uc € H. See [13, p. 30], for
details. Extending X € CH to all of G by defining X(6) =0 for c € G- H
we see that (2.8) immediately implies that

(2.9) X'=1H"Y oxo™
46

and, since X'(e) = X(e)|G|/|H|,

—

(2.10) x'=xE6)™" Y oxo™
o€eG
If Ac{1,2,...,n} then by G(A) we mean the set of all ¢ € §, such

that g(A) = A and o(i) =i if i ¢ A. The idempotents .#(A) and & (A)
are defined to be |G(A)|_l ZaeG(A)U and |G(A)|_I ZoeG(A)s(a)a respectively.
These idempotents provide necessary factorizations of the symmetrizers r, and

¢, , for if the row sets of D are A, A,, ... , A and the column sets are I',
I,,..., T, then
N
(2.11) H A)IF(A,)
and
t
(2.12) ¢, =[JlG(T
j=1
All subsets A C {1,2,..., N} with |A] = n give rise to groups G(A)

isomorphic to S, . For our computations we require a definite isomorphism
o — ¢ from G(A) to S, ,s0 welet 6 be the unique increasing function from
{1,2,...,n} onto A and define ¢" =67'98 for 0 € G(A). Given two
disjoint subsets A, and A, of {1,2,..., N} with |A;|=n and [A,|=p we
require two isomorphisms, “A” and “V,” each as described above. Letting H
denote G(A,)- G(A,) the map 7 — (", 7") is then an isomorphism between

H and §,9S,.
To define CS, ® CS, we consider the special case A} ={1,2,..., n} and
A,={n+1,n+2,...,n+p} and require that c® 7, 0 €S, and 7€ S,

denote the member of CH such that (6 ®71)(6) = 1 or 0 depending on whether
o =06" and 7 =6", or not. Then, we extend ® to the rest of CS, x fCSp by
requiring

feg=> Y flojgroer

g€Ss, 1€S
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In this way CS, ® CSp is identified with a subalgebra of CSn 7 namely CH .
There are certain simple properties satisfied by “A ™, “v” and ® which we

present without proof:

Lemma 3. Suppose A, = {1,2,... ,n}, A, ={n+1,n+2,...,n+p},
H=G(A,)-G(b,), ceH, feCS,, g€CS,, AeT,, and BT,. Then,

(1) o(fog)=0"foa'g,
2) (fego=fo"®gs",
(3) 6(A®B)=(6"4)® (¢"B),
(4) (feg)(4e®B)=(f4)®(gB).

Returning now to the context of formulas (2.8), (2.9), and (2.10) we see that
the map X — X " need not be restricted to characters X of H. Indeed, we
may define f7 by formula (2.8) or (2.9) for any f € CH. Consequently, we
state the following:

Lemma 4. Suppose f € CS, and g € CS, are class Sfunctions such that f(e) =
g(e)=1. Then,

s -1
(fog) = <"+p> S e(fegw

n

peU
where U denotes the set of all members ¢ of S, . such that ¢ restricted to
{1,2,...,n} isincreasing and ¢ restrictedto {n+1,n+2,... ,n+p} is
increasing.
Proof. Let H=G({1,2,... ,n})-G{n+1,n+2,... ,n+p}) and note that

U is a set of distinct representatives of the left cosets of H in S, Iy The rest
of the proof is now a straightforward computation'

(n+p)(fog) = }:a(f®g =" N otfeg)r e

rEH(aGU
=Y S o N e g(r) e !
t€H peU
=H Y o(fog)p",
pelU

where the penultimate expression is obtained from its predecessor using Lemma
3. Since |H| = n!p!, the proof is complete. O

3. MAIN RESULTS

If f€CS, then weshall write f >0 if (fY, Y) > 0 for each decomposable
YeT,. Hence f<gif (fY,Y)<(gY,Y) for each decomposable Y € T, .
Our main results are Theorems 3 and 6. Theorem 3 provides a steppmg—up
inequality: it shows how, given an irreducible character y of S, , to find a
second character & , induced from a Young subgroup of S, , such that y < & .
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In the same sense Theorem 6 provides a stepping down inequality. We combine
Theorems 3 and 6 to obtain Theorem 7, which is the result mentioned in the
abstract.

If k> 1 then Ak(V) denotes the set of all alternating k-linear functions
on V,and, if A€ A"(V) and B € A’(V), then AA B denotes & (A)(4® B)
where A={1,2,...,n+p}. The following appears in [14].

Theorem 1. If A € A"(V), B € A’(B), and either A or B is decomposable

then »
lanBlP < ("TP) 14’181
n

In the context of Theorem 1 decomposability means decomposability with
respect to the multiplication in the exterior algebra, so the statement that 4 €
A"(V) is decomposable means that there exists x,, X,, ... , X, € ¥ such that
A=x] Nx; A---Ax, . Our purposes require a strengthening of Theorem 1.

Theorem 2. If A is a decomposable member of T,, A, ={1,2,... ,n}, A, C
{n+1,n+2,...,n+p+r} with |A)| =p, and A denotes A UA, then

-1
2 n+ 2 2
ot @@ B < ("1 I @) AP @) Bl
foreach BET,,, .
Proof . First, note that it is permissible to assume A, = {n+1, n+2, ... , n+p}.
Let {e,}]", be an orthonormal basis for V. Then,

I @A) AB)* = Y. ¥ (A)4®B)e,)

qu-‘n+p+r.m
2
= Y Y A48 B, e
qern+p.mterr.m
where:
(a) for positive integers s, ¢, I' , denotes all sequences of length s each
of whose terms is a member of {1,2,...,¢},
(b) & (A)(A® B)(eq) denotes & (A)(A ® B)(eq1 €5 5 € ) for g €
n+p+r
n+p+r,m’ and
(c) L(A)(A® B)(eq, e,) denotes
Z(A)(A® B)(eql 2 €y g €€ s e[’)
forgeTl, , ,and tel, .
Since ./ (A) does not effect the last r places of B welet B, t€I’, , , denote
the member of Tp such thatif z,, z,,..., z, are in V then
B(z,,2zy,..., zp) =B(z,, zy, ..., Zps @ 5 € s s e,’)

and note that

& (B)(A® B)(e,, e) = (8)(A®B,)(e,)
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foreach g€, . Hence,
@) B’ =Y > @A) 4eB)e,)
terr, m qern+p.m
> I (a)4e Bl
IGI','m

Now, by Theorem 1,
-1
+
7 (A)( (A,)" A ® 7 (8,)"B)II* < (" . ") Il (8,)" 411" | (8,)" B,
But, &/ (A)o = 0. (A) = &(0) (A) for each o € G(A). Hence, & (A) (4;) =
&(A), i=1,2,and

S (M)A (A) A®H (A,)"B,) = (A (A) (A,)(4® B)
=/ (A) A8 B).

Therefore
1 (A)(4 ® B)||*

Y I )4 B’

IGF,'M
-1
n+
5( np) > @) 411 (8,) B
tEl",‘m
-1
n+
=< np> I/ 8, 4l ZIW )’ B,

tel’,

—1
n+p A 2 Vo2
= ("17) b @) a1 4" B ©
Given Y =y[ ®y, ®---®yy where y,, ,,... ,yy €V and n <N we
shall need to express Y as Y, ,®Y,, where ¥, , = y{®y; ® - @ yy_,
and Y, , = Vy_pi1 ® Vy_pi2 ® - ® Yy . Since n will usually be clear from

context we write Y, instead of Y, ,, and Y, instead of Y, ,. Moreover, if
a*e Sn+p the:‘l Y (o) denotes ya(l)®ya(2)® ®ya(N_n) and Yz(a) denotes
VoN-n+1) ®Vo(Nns2) ® " ® ya( Ny - Given these definitions it is easy to see that

if 6€8,,, then a"y = Y,(0)®Y,(d), and if 1€ H=G(A,)-G(A,), where

A ={1,2,..., N—n} and A, ={N—-n+1,N—n+2,... , N}, then
(e0)”'Y =t"(a7'Y)
= (") @ () T)(¥,(0) ® Yy(0))
=) 'Y,(0)® (7)) Yy(0).
Theorem 3. If a = {a,, ay,...q,,,} = {a, a;, ... , @, 1"} is a partition

of N, B={B,, 8y, B,}, it is associated (or transpose) partition, and o
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denotes {a,, a,, ... ,ap} then

-1
(RY.Y)< (’;’ ) S Y(0), K@) R Ba(@), Vy(0))
peU

for each decomposable Y € T, , where U denotes the set of all members of
Sy thatincreaseon {1,2,... ,N—n} and {(N-n+1,N-n+2,...,N}.
Consequently,

~

Xag(X,®X{] })

Proof. By (2.4) we have

/\A’a = (NN~ Z aracaa'l

gES)

for any ¢ € S, . In the following the underlying Young diagram is the nat-
ural Young diagram obtained by setting ¢ = e. Moreover, we abbreviate r,
with r and ¢, with c. We let ¢’ denote (n+ p)\(A,) and ¢” denote
]'[3.=2 |G(A;)| (A;) where A}, A,, ..., A are the column sets of D,. Note
that ¢’ is the symmetrizer associated with the first column of D, and ¢” is
the product of the symmetrizers associated with the other columns. Hence,

/"

c=cc"=c"c". Now, by (2.6), we have
N!)?a = |Ra|_1 Zarcra_1 = |Ra|—l Z:arc'c"ra_1
=(n+p)(IRIIC,I) Zarc 2r
-1

=(n+p)(IRIIC, Earc cc'ro
ag

since (n+p)!(c")* =|C,|c". Let K = (n+p)!(|R,||C,IN)™". Now,
(XY, Y)=K> (orc"cc"ra”'Y, Y)

= I(Z(c’(c"ra_l Y), "ra”'Y)
= KZ ) ® Y,(0))), ¢"r(Y,(0) ® Y,(0)))
=K Z ("N Y (0) ® Y,(a)), (c"r)"Y,(0) ® Yy(0))

<n+p)'1<§j||% (A1) Y (0) ® Vy(o))]

< (n+p)! (” j;”) K Y I (A)("D"Y, (@)1 (86) Yy(o)I

by Theorem 2, where A' = A - {N-n+1,N-n+2,...,N} and A) =
{1,2,..., n}. Letting Z be as in the statement of the theorem and observing
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that &7 (A")c" = (") "'c,, and r, =r, the above is
-1 2 2
=np!K Y |I(p)) " cury V(o)1 (8g) V()|

=ne) 'K Y S ey (0011 (8g) Yy (90l

pE¥ 1€H

=ne) 'K Y S e, e () @11 (80) ()T y(0) 11

pE¥ 1€H

=no) 'K S Sl w011 (887 (o)1

9 ueSy_, 0€S,

= nlp) 'K S Y epro T Y (0), curet” V(@)1 (8)0 7 Yy (9)]
9 u,b

=n(e) CU K Y. Y ((ur e ru” )Y (9), Y, (9))

9 u,l
x (07 (Ag)0” ' Y,(9), Y,(0))

But 6%/ (A,)0”' =/ (A,) for each 6 € S, and
Z'ura'ca'ra'#_l = |Ra"2'ura'ca'ﬂ_l
u u
by Lemma 2. Since |R | =|R,|, |C | =p!|Cm|((n+p)!)_l ,and Z# ,ura,ca,y"
=(N- n)!fa, by (2.4), the above is

= R IC,I(N = n)IK((n+p))™ D (X, Y (9), Y (9)(X(1n, Yy(9), Yy(9))
[4

-1
= (1,\,[) Y (X Y(0), V(@)X Ya(0), Yy(9)),

9
which, finally, is the expression appearing in the statement of the theorem. That

—~ —~ —~ T
X, (X, ® X{ln})
now follows from Lemma 4. O

We now present the notation necessary to translate Theorem 3 into the lan-
guage of matrix theory.

If s<n then Q , will denote the set of all strictly increasing sequences of
length s each of whose terms is a member of {1,2,... ,n}. If p € QS’,, then
the sequence complementary to ¢, denoted by ¢°, is the member of Qs
whose range is complementary to the range of ¢. If C = [, j] isan s X ¢

matrix, 4 € Qso, s O € Q,O', then C[u|6] denotes the s, x f, matrix whose

ijth term is Cuiy, 80)) * Similarly, C(u|p) denotes the (s —s;) x (¢ — ;) matrix
whose ijth term is €

(1),6°0)
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Now, if C = [c,;]1= [((yj, y;)] € #Z, , then by Theorem 3 and the proof of
Lemma 1 we have

dy (€)= (XY, 7)

-1
<(}) @A,V ONE L), o).

" 1374
But, ¢ € #Z restricted to {1,2,... , N —n} is a member of Q,_, , and

(X{1 }Y (¢), Y,(p)) = det(C(¢p|gp)) . Hence, we have the following:

Theorem 4. If C =[c; 1€ #, a={a|,,,... ,a,, 1"} is a partition of N,
and o' ={a|, a,, ... ,a,} then

-1
B, (h) X ay (Clolohdeciio)

n
P€0N_, &
with equality if C is diagonal or both sides reduce to 0.

Lemma S. Suppose A€T,, BeT,, and y €S, satisfies:

+p
(a) Y’ =e.
(b) If 1<i<n and y(i)# i then y(i)>n.
(¢) If n+1<i<n+p and y(i)#1i then y(i)<n
Then (y(A® B), AQ B) > 0.
Proof. Conditions (a), (b) and (c¢) imply that y is a product of disjoint trans-
positions (rs) such that 1 < r < n and n+1 < s < n+p. We claim
that we may assume y = (1,n+ 1)(2,n+2)---(k, n + k) where k is the
number of transpositions involved in y, for if this is not the case then there
exists a € G({1,2,... ,n}) and f=G({n+1,n+2,..., n+p}) such that
y=(f) (1, n+1)(2,n+2)---(k, n+k)(af); then
((A®B), A®B) = (y/(a" A2 'B), a"A® B"B)
where v denotes (1,n+ 1)(2,n+2)---(k,n + k). Now, assuming y is

(1,n+1)(2, n+2)-~-(k n+k), we have (y(4® B), A® B)

Z Z (A®@B)(e, e, .---¢, NABB)(e, €, ..., € )

ql_l qn+p

= ZA € €y € s eqn)B(eq] R L 7R
xA(eql, R LT ,eq")
x B(e e s € € € e €

which, if for each s, 7, I'; denotes the set of all sequences of length s each
of whose terms is a member of {1,2,...,1t},is the same as

ZZZZA%, )Ble, ., ¢)ATe,, ¢)Be, ¢
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where the summationsareover I', . T’ _,

and A(e,, e,) denotes A(esl s € s 5 € € 38 s
expression above is the same as

> (Z Ale,, e)B(e,, e,)) (Z Ale,, e,)Ble,, et))
s q ,

Iy wand T, . respectively,
, e k), etc. The last

r

n—

>0. O

Ble,, €)

Lemma 6. Let A={4,,9,, ... , n+p}c{l 2,...,N+P}, Al=An{1,2,
,N}, A =An{N+1,N+2, N+P},ana’ k = min{n, p}. Suppose
n=|A| and p=|A"|. Then
-1 k
F(A) = (” “’) 3 (”) (‘? >5”(A1)5”(A')yi5”(A')5”(A1)

n - 1 1
i=0

where yi=H§=l(5s’5n+s)’ 1<i<k,and y,=e.

Proof. Let H denote G(AI)-G(A'). It can be shown, see [2], that {y,, 7,, ...,
7.} is a system of distinct representatives of the double cosets of H in G(A).
Moreover, if a list is constructed of all products of the form oy,7, 0,7 € H,

then each member of Hy,H will appear in the list [(n —i)!(p - i)!(i!)]2 times.
Letting ¢; denote the reciprocal of [(n —i)!(p — i)!(i!)z] we have:

(n+plFB)= ) U—ZC > “VT_ZC (Z") (Z )

aeG(A i=0 o,1€H o€EH T€H

= |HI’ Z P (BHF (A Yy, 7))
i=0

- n!p!g (’l’) (’l’) LAy AN @),

Therefore,
-1 k
n+ n r
F(A) = ( . p ) 3 ( i) (f)y(A’)y(A’)yiy(A \#@h. o
i=0
Theorem 5. Suppose A, A,, ..., A, are pairwise disjoint subsets of {1, 2,
,N+P}. For 1<i<klet Al=AN{1,2,...,N} and A, = AN{N+1,
N+2,...,N+P}. Denote |Al| by-n,, |A| by p,, and n,+p, by m,. Then
k k 2 k A k Vo
m. ! r
1T ( n:) [[<@&)4eB) (Hy(A,.)) A (]‘[y(A,.)) B
i=1 i=1 i=1 i=1
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foreach A€ T, and B € T,. Equivalently,

k m k
I1 ( n?) <H5/’<A,~><A®B>, A®B>

i=1 ! i=1

((fes) o a){{1e) 2.5).

Proof. Let A, = {6,,,0,,...,0,,} where we assume J,; < J, < --- <
0 1 <i<k. For 1 <j<¢, ¢, =min{n;,p;}, we let v;; denote

\%

[ b
m; ]

{zl(da s 0; ++n)» & product of disjoint transpositions. Now, by Lemma 6,

_ H. {,:o (’;) (1;;' ) Fh7 @Ay, j.y(AQy(Aﬁ)}

DS ﬁ (%) (%) 7@, s apsa),

Given A€ T, and B € T, we have

k
< (]‘[ S (B)F (A7, F (4] )&’"(Aﬁ)) (A®B), A® B>
i=1

k k \Y,
= <<H7u,> ((Hﬁ”(Aﬁ) A® (H&%Af)) B) ,
=1 i=1 i1
k
= < (H yij,) (A’ ®Bl)’ AI ® BI>
i=1

where 4' = ([[,.#(a))"4 and B' = ([I., #(A)"B. But [IL,7, isa
product of disjoint transpositions (rs) suchthat 1<r< N and N+1<s<
N + P. Therefore,

k
()}

i=1
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by Lemma 5. Therefore, by setting each j, =0 we obtain the inequality

k k
I1 (’:') <H5’(Ai)(A ®B), 4 ®B>

i=1 ! i=1

k
> <H FAYF(A)FB)F (Ao B), 4@ B>

i=1
B,B>. ]

(@) oa)((07)

Suppose a = {a,, a,, ... , o} is a partition of N and imagine the associ-
ated node diagram. If the diagram is cut into two pieces along a vertical line
not containing any nodes then we obtain two new node diagrams each associ-
ated with a partition which in turn is associated with a character. We denote
the new partitions by «;, the partition associated with the node diagram on
the left, and «,, the partition associated with the node diagram on the right.
We may now induce the tensor product of ’?a, and fa, to S , thus obtaining

\%

()?al ® /\A’a )T , and investigate the possibility that there exists inequality between

X and (/\A’al ®X, )'. Theorem 6 guarantees that

~ — = 1
X >(X,®X,).

Theorem 6. Suppose o = {a,, a,,...a,} is a partition of N. Let p and t
be positive integers such that t <s, a; > p for 1 <i<t,and p > o; for
t<j<s. Let

t
o ={p, 0 %} and o ={a,-p,a,—p,...,a—p}

~ = =
Then, (X,Y,Y)>((X, ®X, )Y, Y) for each decomposable Y € T, .
Proof. We create a Young diagram D_ by filling the first column of the o frame

with 1,2,...,s, the second column with s+ 1, s+ 2, ... etc. We consider
this tableaux to be the adjunction of two tableaux, one associated with «; and
containing the integers 1,2,... , N — n, where n = E;=1 a; — tp, the other
associated with a, and containing N-n+1, N-n+2,... ,N.

Welet A, A,, ..., A be the row sets of D and, for 1 <i <5, Af. =
A;N{1,2,... ,N-n} and A =A,N{N-n+1, N-n+2,... , N}. Denoting
r, by r and ¢, by ¢ we observe that

N
r=[Je\7@),
i=1
that

s A

r, = | TI#@) T et @ay)|
i=1

i=t+1
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and
t \%
r, = [H(ai - p)!ym,’-)l ,
i=

where the tableaux associated with o, is obtained from D_ by deleting the last

— p, columns, and the tableaux associated with «, is obtained from D_ by
deleting the first p columns and then subtracting N —»n from each entry in the
resulting tableaux.

Letting ¢’ denote c,, and ¢" denote ¢, we observe that ¢ = ¢’ ® ¢ and
that

=(N!)~ Zarca = (NC,])~ Zacrca :
=(NIC,I) ZU(C ®c ) ®c )a_l.

o

Therefore, for decomposable Y € T,, we have

(XY, Y)=K Y (a(c @) ®c")o” 'Y, Y)
gESy

—KZ &)Y, (0)®Y,(0)), (' ®c")(Y,(0) ® Yy(a)))

-K Ha,.! > <1’[§ﬂ(A,.)(c'Yl (0)® "Y,(a)), 'Y (o) ® c"Y2(0)>
i=1 o i=1

=K[]e!> <H54A,)(Ao ®B,), A, ® Ba>
j g i=1

where K = (N!|Co‘|)_l , Y,(0) and Y,(o) are as in Theorem 3,

= (H Y(Aiu)) c'Y,(s), and B, =c"Y,(o).

i=t+1

Now, applying Theorem 5, we have

x (" Y,(0), "Y,(0))

where v, = (TT_, (&))", v, = (IT_.,, ()", and y; = ([T|_, # (&))" .
Since w, v, = vy, 1, = (P)'TI

s

e o lw s and o =TT (a, = p)ly, the
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above is equal to
KZ(c'ralc'Yl(a), Yl(a))(c"rarc"Yz(a), Y,(0)).
[

Letting 7% denote the set of all members of S, that increase on {1, 2, ...,
N-n}and {N-n+1,N-n+2,...,N},and H denote
G{1,2,... ,N-n})-G{N-n+1,N-n+2,...N}),

and applying Lemmas 2, 3, and 4 as well as formulas (2.6), (2.7), and (2.10),
we see that the last of the above expressions is

—KZE cr c Y(¢) (") l)(c"ra’c

pEX t€H

=Ky > ¥ <uca,ra,ca,u“Yl<<o>, Y,(0))0¢, 1, ¢, 67 Yy(9), Yy(0))

9EY uES, 0€S,,_,

" 1

(=)' Y(0), (=)' Yy(9))

= KIC, IIC, | 3" Y (ur, c, 47 Y,(9), Y, (@))0r, c, 67 Y,(9), Yy(0))

N\"! ¢Aﬂ 9 "
- (V) @10, 100, Y. e
VEX

== 1
= ((Xa[ ®Xa’) Y,Y). O
For each partition a = {a,, a,, ... , a;} we shall associate a derived parti-
tion o' which, if ¢ denotes the smallest positive integer such that Q,>a,,,Is
equalto {a, - 1,a,-1,... ,a,-1l,,,,,0, ,,...,0, 1’}. The following
result, perhaps our most appealing in an aesthetic sense, follows immediately
from Theorems 3 and 6.

Theorem 7. If a is a partition and o' is its derived partition then X’a > fa, .

Proof. Let a={a,, a,, ... ,as}={(p+l)’,at+l,a,+2,... , a,} where p >
o, - Let o) = {p' 0o, a4, ) and a, = {1'}. Letting & denote

()?a/ ® X, )" we have X > & by Theorem 6, and & > X . by Theorem 3.

Hence, X, > /?a, as required. 0O
Successive application of Theorem 7 to a partition a yields the sequence
/?a > ‘/‘,;a' > j;a“ > Xa(n > 2 /?a(k) =&
where k = o, — 1 and ¢ is the signum function. The corresponding sequence
of matrix inequalities is, for C € #Z;,
dy (C) 2, (C) 24, (C)2 > det(C),

a dramatic improvement over Schur’s result (1.3).

In a recent paper, see [10], Heyfron has shown that if « = {g + 1, v _"_l}
and g ={gq, 1"} then d, (C) >d, (C) for each C € #,. Since f = o
this result is merely a special case of Thﬂeorem 7.
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But Theorems 4 and 6 applied separately give us a generalization of Heyfron’s
result as well as an improvement on the per-det inequalities for the single-
hook immanents obtained by Merris and Watkins in [11]. Following [11] we
let A, for k=1,2,...,n, denote the irreducible character associated with
{k, ln"k} and we abbreviate dik with d, . Then Merris and Watkins have
shown that

d,(C)< Y per(Clplp]) det(C(9p|p))

¢€Qk_,,

for each C € #, where k € {1, 2, ..., n}. Since the degree of 4, is (}2}),
the above is equivalent to

-1
4,0 <m/k)( ;) 3 per(Clolp])det(C(plp)
k

(pEQk,n

foreach C € #, and k € {1, 2, ..., n}. But direct application of Theorem
4 gives

-1
3(0)< () X perClolp) deCllo)),

9€Q; ,

hence
d,(C) < (k/n) > per(Clp|p]) det(C(plp))

9€0; ,

foreach ce Z, and k€ {1,2,...,n}.
Applying Theorem 6 to 4,,,, k€ {0,1,... ,n—1},with p=1, t=1,

and s =n -k wehave a, = {1"%} and a, = {k} so

n

-1
4Oz () X deClolphper(Clolo))

9€Q, 4
hence
= n\ !
2,.,(C) > ( k) S per(Clplo)) det(C(p|9)).
9eQ;
Combining this with the above we have

-1
4,(0) < (,’j) S per(Clolg)) det(C(olp)) < &y, (C)
EQ, ,
foreach Ce#Z and ke {l,2,... ,n—1}.
To obtain the James-Liebeck result, namely that if g8 = {p,q, 1}, p > ¢q
and p+q+r =N, then _
per(C) 2 dy (C)

foreach C € #,, weset a = {p+r, g} and note that o\ = {p+r-i,q, li},
1<i<r. Hence, o' = g, and
a,\".(C) 2 2X’.,(C) 2 EX“,,(C) 22 _d_X"',,(C)
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for each C € #;,. But, the author has shown in [9], that EX (C) < per(C) for
any 2-term partition o. We thus have the following strengthened version of the
James-Liebeck result:

per(C) 2 dy (C) 2y (C) 2+ 28y (C)=dy (C)

a

for C € #, . But Theorem 7 gives even more since d ,(O) 2 dy 1y (C) for
1<i<p+r-2. ’ :

The partition o is obtained from o in the simplest manner by referring
to the corresponding node diagram. For example, if a = {52 , 4, 22} then the
node diagram is

To obtain the node diagram for o’ simply remove the last column of dots
from the above diagram and append it to the first column, thus obtaining

whose corresponding partition is {43 , 2%, 12} . Continuing in this manner we
obtain o’ = {3*, 2%, 1°}, ¥ = {2°, 1%}, and o = {1'%}.
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